Abstract -The research of air gap flux density has a significant effect on predicting and optimizing the structure parameters of electrical machines. In the paper, the air gap coefficient, leakage flux factor and saturation coefficient are first analytically expressed in terms of motor properties and structure parameters. Subsequently, the analytical model of average air gap flux density for surface-mounted permanent magnet synchronous machines is proposed with considering slotting effect and saturation. In order to verify the accuracy of the proposed analytical model, the experiment and finite element analysis (FEA) are used. It shows that the analytical results keep consistency well with the experimental result and FEA results, and the errors between FEA results and analytical results are less than 5% for SPM with high power. Finally, the analytical model is applied to optimizing the motor structure parameters. The optimal results indicate that the analytical calculation model provides a great potential to the machine design and optimization.
Introduction
More and more surface-mounted permanent magnet (SPM) synchronous machines have been recently applied to electric vehicles, industrial and domestic applications because of advantages of simplicity, high efficiency and quiet operation. Thus, the research on these machines performance is of great significance. The SPM performance including output torque and induction electricity depends on the waveform of the air gap flux density [1, 2] . Therefore, the research on the air gap flux density is necessary.
In general case, it is complicated to obtain the waveform of air gap flux density in the machine design and optimization. However, it is convenient for the average air gap flux density to predict the machine performance. In relevant literatures, more and more papers use the average air gap flux density in the machine optimization. The literature [3] analyzed two optimization methods to design the SPM, and the air gap flux density was considered as an optimization variable. The literatures [4, 5] presented the use of genetic algorithms (GA) and the Taguchi method in optimizing the SPM. GA was applied to optimizing the efficiency of the motor, and the average air gap flux density obtained by a simplified model was considered as one of the constraints. However, the simplified model of air gap flux density ignored the stator saturation and slotting effect, so the SPM optimization could cause some errors. The literatures [6] [7] [8] presented an optimal design method of the permanent magnet synchronous machine with concentrated winding. The flux density of air gap, stator yoke and stator teeth was calculated on the basis of the knowledge of the Maxwell theory and vector potential. The accurate results of the Maxwell method can be obtained because of considering geometrical details and nonlinear effects of iron magnetic materials, but the results of all flux density needed to solve the vector magnetic potential equation and Cramer equation, so the computation is very complicated and time consuming.
All the above methods need to obtain the average air gap flux density to optimize the electrical machine, so it is necessary to research the air gap flux density. At present, the average air gap flux density is mainly obtained by the equivalent magnetic circuit method. The literatures [9, 10] presented numerical methods such as finite element analysis (FEA) to study the air gap flux density. The FEA was proposed to analyze the air gap flux density of internal permanent magnet (IPM) machine, and an optimal design method for the rotor parameters was carried out to improve the distribution of air gap flux density [9] ; the literature [10] analyzed the relations between the machine structure parameters and air gap flux density using the FEA. However, the paper had not proposed the analytical calculation model of the air gap flux density. The literatures [11] [12] [13] analyzed the magnetic characteristics of SPM, and established the analytical model using the magnetic circuit analysis method, which could directly calculate the average air gap flux density and no-load leakage coefficient. However, the accuracy of analytical model is limited without considering the saturation effect of iron material.
In order to improve the accuracy and computation efficiency of the average air gap flux density, it is necessary to obtain a new analytical method of the average air gap flux density. The paper presents an analytical model of the average air gap flux density for SPM with considering the slotting effect and saturation. The slotting effect and saturation are considered by the air gap coefficient, leakage flux factor and saturation coefficient, respectively. The average air gap flux density, no-load air gap flux for each pole and back-EMF could be obtained by the analytical model.
The remainder of the paper is arranged as follows: In Section 2, the theory of air gap coefficient, leakage flux factor, saturation coefficient and average air gap flux density is introduced; In Section 3, a new analytical calculation of average air gap flux density is modeled and the proposed analytical model is validated from FEA and experimental results; The application of analytical model is described in the Section 4; Section 5 concludes this paper.
Basic topology and analytical model

The topology and theory of machine
In the paper, SPM has been chosen to demonstrate the approach. The simplified topology of SPM is shown in Fig.  1 . Given the flux distribution indicated in Fig. 1 and the Ohm' law equivalent of magnetic circuit, the equivalent magnetic circuit is shown in Fig. 2 .
The variables of 
where, H is the magnetic field strength for one magnet pole, h m is magnet thickness and σ is air gap leakage flux factor. Assume F δ is the air gap magnetomotive force for one magnet pole, the Eq. (1) can be given by
where, H δ is the air gap magnetic field strength, k δ is the air gap coefficient, k s is the stator saturation coefficient, α i is the effective pole arc coefficient, τ is the pole pitch, B δ is the average air gap flux density, L a is the machine axial length, δ is the air gap length, S m is the magnet area and B is the flux density for permanent magnet.
Because the permanent magnet material of SPM is the rare-earth and the rare-earth has a straight demagnetization curve, the value of H is defined by 
where , μ 0 is the air permeability and μ r is relative permeability of magnet. Substituting the Eq. (3) into the Eq. (2), the average air gap flux density of SPM is
where
where, α p is the pole arc coefficient.
Air gap coefficient and leakage flux factor
The air gap coefficient is applied to considering the stator slotting effect [14] , which can be expressed by 
where, k δm is the Carter's coefficient, t is the slot pitch and b s is the width of slot opening.
Air gap leakage flux factor
The research of air gap leakage flux factor has been widely developed. The equivalent magnetic circuit is one of the most satisfactory techniques to calculate the leakage flux factor. The equivalent magnetic circuit is presented in Fig. 2 , and the air gap leakage flux factor can be obtained by magnetic circuit approach [13] . That is, 
where, w f is the distance between magnets, l t is average slot width of air gap within the stator slot and b m is width of one magnet pole.
Saturation coefficient
The saturation of stator iron material has a great effect on stator permeability, thus the air gap flux density is greatly affected by the stator saturation. The saturation of stator yoke is neglected owing to the fact that the magnetic circuit area of stator teeth is much less than that of stator yoke. Therefore, the saturation coefficient is calculated by 1 1
where, H t is the magnetic field strength of stator teeth and h t is the effective magnetic circuit length of stator teeth. The magnetization curve of iron material is shown in Fig.  3 . Based on the magnetic data, the fitting expression of magnetization curve can be obtained by curve fitting method. That is,
where, a 1 , a n , n is the coefficient of fitting expression, the value of n is generally higher than 8. Similarly, according to the theory that the flux cannot change suddenly, the relation between stator teeth flux density and air gap flux density is given by
where, K Fe is the stacking factor of iron core and b t is the stator teeth width. Substituting Eq. (11) and (12) into Eq. (10), the saturation coefficient can be easily calculated by
The analytical model of air gap flux density
Consequently, Substituting Eqs. (6), (9) and (13) 
The New Analytical Calculation Method
The structure and parameters of machine
In order to obtain the accuracy calculation method of average air gap flux density, the electromagnetic field of SPM is analyzed in this section. The basic machine parameters are listed in Table 1 , and the model of machine structure is shown in Fig. 4 . In the SPM, a three phase, star-connected, double-layer distributed winding construction is used. The laminated core packs are made of SiFe (DW465-50), and the magnets are formed from the 
The FEA method
The analysis of electromagnetic field is a complex nonliner and three-dimension problem. However, the energy transfer of machine is produced inside the air gap, and the machine length along the shaft dimension is much longer than the air gap length, thus end-effects are neglected and the analysis of magnetism field may be changed into a two-dimension problem. Therefore, the paper analyses the magnetic field of SPM by two-dimension FEA. In order to reduce the complexity and computation time of FEA, the assumptions are made in the following. 1) The machine end-effects are neglected, and the magnetic field is uniformly distributed in the axial direction. That is, the current density vector and vector magnetism potential only have axial component; 2) Iron core material is isotropy;
3) The hysteresis effect and eddy-current effect of iron core are neglected; 4) The magnetic field in the outer shell of machine is neglected, and the magnetic field of shaft is also neglected.
According to the above assumption, the machine structure shown in Fig. 4 and machine parameters listed in Table 1 , the air gap flux density can be obtained by FEA. Fig. 5 shows the fundamental amplitudes of air gap flux density calculated by FEA for two different machines listed in Table 1 . The air gap length varies from 0.2mm to 2mm when the magnet thickness is 8mm and 10mm respectively.
The increase of air gap length will enhance the leakage flux around the end of magnet, and result in the reduction of the average air gap flux density. However, if the air gap length of machine is too small, it may cause difficulties in the process of assembling machine. Fig. 6 shows the fundamental amplitudes of the air gap flux density calculated by FEA. The magnet thickness varies from 2mm to 20mm, and the air gap length is 1.0mm and 2.0mm respectively. The air gap flux density should increase in theory when the magnet thickness increases. However, the saturation of stator iron material may restrict the air gap flux density. Therefore, the air gap flux density would reach maximum when the magnet thickness increases to some extent. The extent value of magnet thickness changes with air gap length. Furthermore, the magnet thickness cannot exceed the extent value in the machine design. Fig. 7 shows the fundamental amplitudes of the air gap flux density when pole arc coefficient varies from 0.5 to 0.95. The air gap length is 1.0mm and 2.0mm, and magnet thickness is 8mm and 12mm respectively. The variety of pole arc coefficient will change the magnet volume, and result in the change of air gap flux density. The air gap flux density is enhanced with the increase of pole arc coefficient, and it is hardly changed when the coefficient 
Modify the analytical calculation method
The stator magnetization curve fitting expression of DW465-50 can be obtained by
From the Eq. (14), the relations between the air gap flux density and motor structure parameters can be easily found. Substituting Eq. (16) into Eq. (14), the air gap flux density can be easily calculated by 
Based on the machine parameters shown in Table 1 and Eq. (17), the fundamental amplitudes of air gap flux density is listed in Table 2 when the air gap length is 0.2mm to 2mm respectively. Table 3 shows the air gap flux density when the magnet thickness varies from 2mm to 20mm.
Because the analysis of air gap coefficient, air gap leakage flux factor and saturation coefficient would cause errors in calculating the air gap flux density, it will produce errors between the analytical results and FEA results. Compared with the analytical results and FEA results, the authors come to the conclusion that the modifying factor K B relates to air gap length δ, magnet thickness h m and stator inner diameter D a . Namely, 
Consequently, the analytical calculation of average air gap flux density is 
where, f is frequency, N is number of turns per phase and K dp is winding factor. 
FEA and experiment verification
In order to verify the accuracy of the analytical model for air gap flux density, FEA and experiment method were performed on the SPM with high power. The dimension and parameters of experimental motor are shown in Fig. 8 and Table 4 . Magnets are Sm-Co with Br = 1.05T and bulk conductivity σ = 1180000S/m.
Because it is difficult to obtain the air gap flux density in the experiment, the back-EMF which can be calculated by Eqs. (22) and (23) is measured. The results obtained by analytical calculation, FEA and experiment are listed in Table 5 , respectively.
In order to clearly demonstrate the changing trend of verified results, the back-EMF waveform of analytical, FEM and experiment is shown in Fig. 9. From Fig. 9 , the analytical results all could keep consistency well with the FEA and experimental results when the magnet thickness changes. It can be seen from Table 5 that the errors between analytical results and FEA results are less than 5%. In addition, it also illustrates that the back-EMF will increase when the magnet thickness varies from 6mm to 20mm. Therefore, the proposed analytical model is validated.
Application
It can be seen from the analytical model (20) that the relation between the average air gap flux density and motor structure parameters can be easily found. In addition, the analytical model can be suitable for the optimization of machine structure parameters.
The defined specifications of optimal machine are listed in Table 6 . The goal is to design a machine with the high power density. According to the requirement of machine performance, the constraints are established. Table 7 shows the variation ranges of the design variables. The optimization variables, constraints and the objective function are presented as follows:
( ) 
Where, D a is stator inner diameter, λ is the ratio between axial length L a and pole pitch, λ d is the ratio between stator outer diameter D o and inner diameter, b s , α, h 01 , h 02 , h 2 , λ b is stator slot parameters respectively, where λ b =b s2 /h 2 . Fig. 10 shows the stator slot. d 1 is the wire diameter, P is the rated power, V is the machine volume, B δ is the air gap flux density obtained by analytical model, B j is the flux density of stator yoke, B t is the flux density of stator teeth, S f is the slot fill factor, J is the armature current density, A c is the According to the objective function, design variables and constraints, the optimization results can be obtained by particle swarm optimization (PSO) technique. Fig. 11 shows the optimization process of the objective function. The objective function receives the optimization results when the epoch is 520. The optimization results of design variables are listed in Table 8 . The air gap flux density can be easily limited in the proper range by the analytical model. Fig. 12 respectively shows the machine efficiency and torque performance before and after machine optimization.
It can be seen that machine optimization has little effect on the operating performances. However, the machine optimization effectively reduces the machine volume and enhances the power density of machine. The power density is 3366 kW/m 3 before optimization and reaches to 4035 kW/m 3 after optimization. The power density has an obvious improvement after optimization. Therefore, the analytical model of air gap flux density can be applied for 
Conclusions
The paper has proposed a new analytical calculation model of average air gap flux density in SPM taking slotting effect, saturation and leakage flux into account. In comparison with the results obtained from the analytical model, experiment and FEA, the main conclusions are put forward as follows: 1) As for different machine structure parameters, the analytical results could keep consistency with the FEA results and experimental results. Therefore, the analytical model could be suitable for directly calculating the air gap flux density of SPM.
2) The analytical model analyses the influence factors for air gap flux density of SPM easily. The relations between air gap flux density and motor structure parameters could be exactly obtained. That is, the air gap flux density drops when air gap length increases. The air gap flux density is enhanced with the increase of magnet thickness, but it has a maximum value because of the saturation of stator iron material.
3) The analytical method could be widely used in the first step of the machine design, and it is helpful for the optimization of machine structure parameters. 4) The machine performance including output torque and back-EMF of SPM depends on air gap flux density. Therefore, based on the fundamental amplitude of air gap flux density, the output torque and back-EMF can be predicted to evaluate the performance of machine. 
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